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p-ADIC q-EXPANSION PRINCIPLES ON UNITARY SHIMURA
VARIETIES
ANA CARAIANI, ELLEN EISCHEN, JESSICA FINTZEN, ELENA MANTOVAN, AND ILA VARMA
Abstract. We formulate and prove certain vanishing theorems for p-adic automorphic
forms on unitary groups of arbitrary signature. The p-adic q-expansion principle for p-adic
modular forms on the Igusa tower says that if the coefficients of (sufficiently many of) the
q-expansions of a p-adic modular form f are zero, then f vanishes everywhere on the Igusa
tower. There is no p-adic q-expansion principle for unitary groups of arbitrary signature in
the literature. By replacing q-expansions with Serre-Tate expansions (expansions in terms
of Serre-Tate deformation coordinates) and replacing modular forms with automorphic
forms on unitary groups of arbitrary signature, we prove an analogue of the p-adic q-
expansion principle. More precisely, we show that if the coefficients of (sufficiently many
of) the Serre-Tate expansions of a p-adic automorphic form f on the Igusa tower (over a
unitary Shimura variety) are zero, then f vanishes identically on the Igusa tower.
This paper also contains a substantial expository component. In particular, the expos-
itory component serves as a complement to Hida’s extensive work on p-adic automorphic
forms.
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1. Introduction
The purpose of this paper is twofold. The main purpose is to formulate and prove
certain vanishing theorems for p-adic automorphic forms on unitary groups. These vanishing
theorems are analogous to the p-adic q-expansion principle for modular forms. We anticipate
our vanishing theorems will play a key role in certain constructions of p-adic families of
automorphic forms on unitary groups of arbitrary signature, similarly to how p-adic q-
expansion principles have played a key role in certain constructions of p-adic families of
modular forms.
The second purpose is to provide an expository guide to the theory of p-adic automorphic
forms on unitary groups. We aim for our exposition to serve as a complement to H. Hida’s
extensive work in this area. In particular, we have been careful to provide details that are
important in our case but are either not worked out or are not highlighted in the prior
work in the area. In addition to providing a basis for our proofs of vanishing theorems,
the expository portion of the paper was written with the goal of providing a foundation for
further advances in the field.
1.1. Vanishing theorems.
1.1.1. q-expansion principles for modular (and Hilbert modular) forms. The notion that
properties of modular forms are encoded in their q-expansion coefficients is well-established.
The algebraic q-expansion principle makes this notion precise for algebraic modular forms.
For p-adic modular forms (viewed as sections on the Igusa tower, which lies over the ordinary
locus), there is a p-adic q-expansion principle, which states that if all of the coefficients of
the q-expansions of a p-adic modular form f are zero, then f vanishes identically on the
Igusa tower. (Actually, it is sufficient to check a subset of the q-expansions, namely a
q-expansion at one cusp per geometrically irreducible component of the Igusa tower.)
The study of properties of q-expansions has proved indispensable in the development of
the theory of p-modular forms. Indeed, the study of p-adic modular forms originated from
J.-P. Serre’s work, which used q-expansions to define p-adic modular forms [Ser73]. Serre’s
fundamental work in the subject was closely followed by N. Katz’s generalization in [Kat73].
While Katz’s definition of p-adic modular forms did not use q-expansions, much of his work
(on modular forms and, more generally, Hilbert modular forms) nevertheless relies on both
an algebraic q-expansion principle ([Kat73, Section 1.6] and [DR80, Theorems (5.4) and
(5.5)], which depends crucially on [Rap78] and [Rib75]) and a p-adic q-expansion principle
([Kat78, Theorem (1.9.9)] and [DR80, Theorem (5.13)]). For instance, the q-expansion
principles play a key role in Katz’s construction of families of p-adic modular forms [Kat77,
Kat78]. Similarly, they play a key role in P. Deligne and K. Ribet’s construction of a family
of p-adic modular forms [DR80]. Finally, we should also mention that the p-adic q-expansion
principle is a crucial ingredient in the work of Buzzard and Taylor on the icosahedral Artin
conjecture and in generalizations of this type of argument to Hilbert modular surfaces.
1.1.2. Principles for other groups, including unitary groups. Given the power of the alge-
braic and p-adic q-expansion principles for studying p-adic modular forms and given the
significance of the related applications (e.g. L-functions and homotopy theory, as discussed
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in Section 1.2), it is natural to ask whether there are algebraic and p-adic q-expansion prin-
ciples (or some closely related analogue) for automorphic forms on groups other than GL2.
In other words, if we extend our study of automorphic forms beyond the case of modular
forms and Hilbert modular forms, can we expect a q-expansion principle? If not, what (if
anything) is an appropriate alternative?
There are q-expansion principles, or partial results in this direction, in a number of cases.
For Siegel modular forms, i.e. automorphic forms on symplectic groups, there is an algebraic
q-expansion principle in [CF90]. By [Hid04, Corollary 8.17], there is a p-adic q-expansion
principle for Siegel modular forms. By [Lan13, Proposition 7.1.2.14], there is an algebraic
q-expansion principle for scalar-valued automorphic forms on unitary groups of signature
(a, a) for any positive integer a. As mentioned in the last paragraph of [Hid04], there is a
p-adic q-expansion principle for automorphic forms on unitary groups of signature (n,n),
although Hida states “we leave for the reader a precise formulation of this fact.” The
proofs of all of these q-expansion principles rely primarily on results on the geometry of the
underlying moduli space (i.e. a Shimura variety or Igusa tower).
For automorphic forms on unitary groups of signature (a, b) with a ≠ b, the underlying ge-
ometry of the associated moduli spaces prevents the existence of a q-expansion principle, al-
though there are analogues. In the case of automorphic forms on unitary groups of signature
(a, b), when the corresponding Shimura varieties are non-compact, the usual q-expansion is
replaced by a Fourier-Jacobi expansion, a generalization of the Fourier expansion, in which
the coefficients are themselves functions formed from theta-functions. Nevertheless, there
is an algebraic Fourier-Jacobi Principle for unitary groups [Lan13, Proposition 7.1.2.14].
(This Fourier-Jacobi Principle gives the algebraic q-expansion principle for unitary groups
of signature (a, a).)
While it is natural to ask for a “p-adic Fourier-Jacobi expansion principle” for unitary
groups of arbitrary signature, a slightly different - but analogous - principle, a “Serre-Tate
expansion principle” follows more easily from the existing literature. The main result of
this paper is the formulation and proof of the Serre-Tate Expansion Principle (in Theorem
5.3). Algebraic q-expansions and algebraic Fourier-Jacobi expansions are expansions of a
modular (or automorphic) form at a cusp. On the other hand, a Serre-Tate expansion is
the expansion of a modular form at a CM point. There is a canonical choice of coordinates
for the local ring at the CM point; these are called Serre-Tate deformation coordinates.
Roughly speaking our main result (stated precisely in Theorem 5.3) says that given suitable
conditions on the prime p, if f is an automorphic form on a unitary group and for each
irreducible component C of the associated Igusa tower, a Serre-Tate expansion of f at some
CM point in C is 0, then f is vanishes identically on the Igusa tower. The proof relies on
Hida’s description of the geometry of the Igusa tower.
1.2. Anticipated applications. As noted above, the use of q-expansion principles in the
construction of p-adic families of modular forms is well-established. In [Kat78], N. Katz
used the q-expansion principle for Hilbert modular forms to study congruences between
values of different Hilbert modular forms, which led to the construction of certain p-adic
families of Hilbert modular forms. Similarly, in [Eis13], the second author used the q-
expansion principle to construct p-adic families of automorphic forms on unitary groups of
signature (a, a). Katz’s p-adic families of Hilbert modular forms are the main ingredient
in his construction of p-adic L-functions for CM fields [Kat78]. Analogously, the second
author constructed the p-adic families of automorphic forms in [Eis13] to complete a step
in the construction p-adic L-functions (for unitary groups) proposed in [HLS06].
We plan to use the Serre-Tate Expansion Principle in Theorem 5.3 analogously to how
the q-expansion principle is used in contexts in which q-expansions exist. More precisely,
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in a joint paper in progress, we are using the Serre-Tate expansion principle introduced in
this paper to construct p-adic families of automorphic forms on unitary groups of signature
(a, b) with a ≠ b. As explained in [Eis14], the lack of such a principle in the literature was
an obstacle faced by the second author in her effort to extend her results on p-adic families
of automorphic forms to unitary groups of arbitrary signature. This paper eliminates that
obstacle and fills in a hole in the literature. We also plan to use the expository portion of
this paper as part of the foundation for our construction of these families.
One advantage of expansions around CM points over q-expansions is that they can be used
for compact as well as non-compact Shimura varieties. The Serre-Tate expansion has been
used before by Hida (for example, to define his idempotent in [Hid04]) and also appears in
work of Brooks (for Shimura curves) and Burungale and Hida (for Hilbert modular varieties)
with applications to special values of p-adic L-functions.
In a more speculative direction, we note the potential for applications to homotopy theory.
Certain p-adic families of modular forms, studied in terms of their q-expansions, were used
to defined an invariant (the Witten genus) in homotopy theory [Hop95, Hop02, AHR10].
The Witten genus is a p-adic modular form valued invariant that occurs in the theory of
topological modular forms. Recently, there have been attempts to construct an analogue of
the Witten genus in the theory of topological automorphic forms, where there is conjecturally
an invariant taking values in the space of p-adic automorphic forms on unitary groups of
signature (1, n) [Beh09]. Vanishing theorems analogous to the q-expansion principle will
likely play an analogously important role in this context.
1.3. Structure of the paper. We now provide a brief overview of the paper. Section 2
introduces Shimura varieties for unitary groups and the associated moduli problem. We
work with these Shimura varieties throughout most of the paper. Section 3 reviews the
theory of classical automorphic forms on unitary groups, from several perspectives. Section
4 introduces Hida’s theory of p-adic automorphic forms (i.e. over the ordinary locus). This
section includes details about the Igusa tower, as well as the space of p-adic automorphic
forms (defined as sections of a particular line bundle over the Igusa tower). Finally, Section
5 covers the main results of this paper, namely the Serre-Tate expansion principle, an
analogue of the q-expansion principle, for p-adic automorphic forms on unitary groups of
arbitrary signature. In addition, this section discusses how Serre-Tate expansions behave
with respect to pullbacks. We are using this result in a paper in preparation that constructs
families of p-adic automorphic forms on unitary groups of arbitrary signature.
1.4. Notation and conventions. We now establish some notation and conventions that
we will use throughout the paper.
First, we establish some notation for fields. Fix a totally real number field K+ and an
imaginary quadratic extension F of Q. Define K be the composition of K+ and F . Let c
denote complex conjugation on K, i.e. the generator of Gal(K/K+). We denote by Σ the
set of archimedean places of K+, and we denote by ΣK the set of archimedean places of
K. We typically use τ to denote an element of Σ or ΣK . A reflex field will be denoted by
E (with subscripts to denote different reflex fields when there is more than one reflex field
appearing in the same context). Given a field L, we denote the ring of integers in L by OL.
We write A to denote the adeles over Q, and we write A∞ to denote the adeles away from
the archimedean places.
Fix a rational prime p that splits as p = w ⋅wc in the imaginary quadratic extension F /Q.
We make this assumption in order to ensure that our unitary group at p is a product of
(restrictions of scalars of) general linear groups. Instead, we could assume that every place
of K+ above p splits in the quadratic extension K/K+ and choose a CM type for K. In
addition, we restrict our attention to the case when the prime p is unramified in K. This
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ensures that the Shimura varieties we consider have smooth integral models over OE ⊗Z(p)
(where OE is the ring of integers in the reflex field E of these Shimura varieties) when no
level structure at p is imposed.
To help the reader keep track of each setting, we mostly adhere to the following conven-
tions for fonts used to denote schemes, integral models, and formal completions throughout
the paper (except for the formal scheme Igord defined in Section 4). Schemes over Q are in
normal font, their integral models are in mathcal font, and their formal completions are in
mathfrak font.
2. Unitary Shimura varieties
In this section, we introduce unitary Shimura varieties. In Section 2.1, we introduce
PEL data and conventions for unitary groups, with which we work throughout the paper.
Section 2.2 introduces the PEL moduli problem, and Section 2.3 specializes to the setting
over C.
2.1. PEL data and unitary groups. By a PEL datum, we mean a tuple (K,c,L, ⟨, ⟩, h)
consisting of
● the CM field K equipped with the involution c introduced in Section 1.4,
● a Z-lattice L with an action of OK ,
● a non-degenerate Hermitian pairing ⟨⋅, ⋅⟩ ∶ L×L → Z satisfying ⟨k ⋅v1, v2⟩ = ⟨v1, k
c
⋅v2⟩
for all v1, v2 ∈ L and k ∈ OK ,
● an R-algebra endomorphism
h ∶ C → EndK⊗ZR(L⊗Z R)
such that (v1, v2) ↦ ⟨v1, h(i) ⋅ v2⟩ is symmetric and positive definite and such that
⟨h(z)v1, v2⟩ = ⟨v1, h(z)v2⟩.
Furthermore, for considering the moduli problem over a p-adic ring and for defining p-adic
modular forms, we require:
● Lp ∶= L⊗Z Zp is self-dual under the alternating Hermitian pairing ⟨⋅, ⋅⟩p on L⊗ZQp.
We define the signature and the reflex field of the PEL datum as in [Lan13, Section 1.2.5].
More precisely, given a PEL datum (K,c,L, ⟨, ⟩, h), we define a vector space over K by
V ∶= L⊗Z R.
Note that h×RC gives rise to a decomposition V ⊗RC = V1⊕V2 (where h(z) acts by z on V1
and by z¯ on V2). We have decompositions V1 = ⊕τ∈ΣKV1,τ and V2 = ⊕τ∈ΣKV2,τ . As defined
in [Lan13, Definition 1.2.5.2], the signature of (V, ⟨, ⟩, h) is the tuple of pairs (a+τ , a−τ)τ∈ΣK
such that a+τ = dimC V1,τ and a−τ = dimC V2,τ for all τ ∈ ΣK . Let
n = a+τ + a−τ .
Note that n is independent of τ and furthermore a±τ = a∓τc . As defined in [Lan13, Defi-
nition 1.2.5.4], the reflex field of (V, ⟨, ⟩, h) is the field of definition of V1 as an OK ⊗Z C-
module. Henceforth, we denote the reflex field by E. To the PEL datum (K,c,L, ⟨, ⟩, h),
we associate algebraic groups GU = GU (L, ⟨, ⟩), GU+ = GU+ (L, ⟨, ⟩), U = U (L, ⟨, ⟩), and
SU = SU (L, ⟨, ⟩) defined over Z, whose R-points (for any Z-algebra R) are given by
GU(R) ∶= {(g, ν) ∈ EndOK⊗ZR(L ⊗Z R) ×R
× ∣ ⟨g ⋅ v1, g ⋅ v2⟩ = ν⟨v1, v2⟩}
GU+(R) ∶= {(g, ν) ∈ GU(R) ∣ ν > 0}
U(R) ∶= {g ∈ EndOK⊗ZR(L⊗Z R) ∣ ⟨g ⋅ v1, g ⋅ v2⟩ = ⟨v1, v2⟩}
SU(R) ∶= {g ∈ U(R) ∣ detg = 1} .
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Note that ν is called a similitude factor. We denote by Levi the Levi subgroup of GU that
preserves both L1 and L2, where L = L1 ⊕ L2 is the decomposition of the lattice L coming
from the decomposition V = V1 ⊕ V2. Since we will only be working with one of the groups
GU , GU+, U , and SU at a time, no confusion should result from the fact that we will also
denote the corresponding Levi subgroup of these other groups by Levi.
2.2. PEL moduli problem. The goal of this section is to introduce PEL-type unitary
Shimura varieties from a moduli-theoretic perspective. We will restrict our attention to
cases where these Shimura varieties have no level structure and good reduction at p.
We now define a moduli problem for abelian varieties equipped with extra structures
(more precisely, polarizations, endomorphisms and level structure) and which will be rep-
resentable by unitary Shimura varieties that have integral models. For each open compact
subgroup U ⊂ GU(A∞), consider the moduli problem
(S, s) ↦ {(A, i, λ,α)}
which assigns to every connected, locally noetherian scheme S over E together with a
geometric point s of S the set of tuples (A, i, λ,α), where
● A is an abelian variety over S of dimension g ∶= [K ∶ Q] ⋅ n,
● i ∶K ↪ (End(A))⊗Z Q is an embedding of Q-algebras
● λ ∶ A → A∨ (where A∨ denotes the dual abelian variety) is a polarization satisfying
λ ○ i(k∗) = i(k)∨ ○ λ for all k ∈K,
● α is a π1(S, s)-invariant U-orbit of K ⊗Q A∞-equivariant isomorphisms
L⊗Z A
∞ ∼
→ VfA,
which takes the Hermitian pairing ⟨⋅, ⋅⟩ on L to an (A∞)×-multiple of the λ-Weil
pairing on the rational Tate module VfA.
Note that Lie A is a locally free OS-module of rank g and has an induced action of K via
i. The tuple (A, i, λ,α) must satisfy the following determinant condition:
detE(k∣V1) = detOS(k∣Lie A)
for all k ∈ K. Two tuples (A, i, λ,α) and (A′, i′, λ′, α′) are equivalent if there exists an
isogeny A → A′ taking i to i′, λ to a rational multiple of λ′ and α to α′. We note that the
definition is independent of the choice of geometric point s of S. We can extend the definition
to non-connected schemes by choosing a geometric point for each connected component.
If the compact open subgroup U is neat (in particular, if it is sufficiently small) as defined
in [Lan13, Definition 1.4.1.8], then this moduli problem is representable by a smooth, quasi-
projective scheme MU/E. It is an exercise left to the reader to identify for every embedding
E ↪ C the complex points of MU ×E C with the points of the locally symmetric complex
variety corresponding to (GU,h). We merely sketch it in this paper; for more details,
see [Kot92].
From now on, assume that U = UpUp is neat and that Up ⊂ GU (Qp) is hyperspecial.
We can construct an integral model of MU by considering an integral version of the above
moduli problem. To a pair (S, s), where S is now a scheme over OE , we assign the set of
tuples (A, i, λ,αp), where
● A is an abelian variety over S of dimension g,
● i ∶ OK ↪ (End(A))⊗Z Z(p) is an embedding of Z(p)-algebras
● λ ∶ A→ A∨ is a prime-to-p polarization satisfying λ○ i(k∗) = i(k)∨ ○λ for all k ∈ OK ,
● αp is a π1(S, s)-invariant Up-orbit of K ⊗Q Apf -equivariant isomorphisms
L⊗Z A
p
f
∼
→ V
p
f
A,
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which takes the Hermitian pairing ⟨⋅, ⋅⟩ on L to an (Ap
f
)×-multiple of the λ-Weil
pairing on V p
f
A (the Tate module away from p).
In addition, the tuple (A, i, λ,α) must satisfy the following determinant condition:
detE(k∣V1) = detOS(k∣LieA)
for all k ∈ OK . Two tuples (A, i, λ,α) and (A′, i′, λ′, α′) are equivalent if there exists a
prime-to-p isogeny A → A′ taking i to i′, λ to a prime-to-p rational multiple of λ′ and α to
α′.
This moduli problem is representable by a smooth, quasi-projective scheme MU over
OE ⊗Z(p). We have a canonical identification
MU =MU ×Spec (OE⊗Z(p)) Spec E.
As the level Up varies, the inverse system M of Shimura varieties MU has a natural action
of GU(A∞,p). (More precisely, g ∈ GU(A∞,p) acts by precomposing the level structure α
with it.) Since our interest is in the p-adic theory, we will suppress the level U from the
notation from now on, though it should be easily deduced from context.
2.3. Abelian varieties and Shimura varieties over C. In this section, we specialize to
working over C.
2.3.1. Abelian varieties over C. Recall that an abelian variety A over C of dimension g is a
smooth projective variety over C with group structure and whose C-points are of the form
V /Λ, where Λ is a Z-lattice in V . Furthermore, because V /Λ comes from a complex abelian
variety A, it is polarizable, i.e. there exists a nondegenerate, positive definite Hermitian
form
λC ∶ V × V → C s.t. λC(Λ,Λ) ⊂ Z.
We call each such Hermitian form λC a polarization of V /Λ. It may be better to think of
a polarization as an alternating form λR ∶ V × V → R satisfying λ(iu, iv) = λ(u, v) for all
u, v ∈ V and
λC(u, v) = λR(u, iv) + iλR(u, v).
Because any abelian variety over C admits a polarization, it is enough to characterize a pair(A,λC) by considering the following triple:
(1) Let Λ =H1(A,Z) be the free Z-module of rank 2g;
(2) IdentifyA(C) ≅ LieA(C)/H1(A(C),Z) and consider the alternating form onH1(A,Z)
induced by λC denoted by ⟨⋅, ⋅⟩;
(3) Consider the R-algebra homomorphism C → EndR(Λ ⊗R) = EndR(H1(A(C),R)) =
EndR(LieA) describing the complex structure on LieA.
2.3.2. Shimura varieties over C. For any real embedding τ ∈ Σ, we let τ˜ denote a choice
of an extension to a complex embedding in ΣK . Let hτ denote the subset of elements
I ∈ EndK⊗ZR(V ) which satisfy
(1) I2 = −1
(2) Ic = −I
(3) (w,v) ↦ ⟨w, Iv⟩ is a positive definite symmetric form on V
(4) For every embedding τ˜ , dimC(V ⊗K,τ˜ C)I=i = a+τ .
Letting I = h(i), these properties define the R-algebra homomorphism h ∶ C→ EndK⊗ZR(V )
defining the complex structure on V . Note that any two choices of homomorphisms h,h′
such that h(i), h′(i) ∈ hτ are conjugate under SU(R), or equivalently under GU+(R). Fixing
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h, let Cτ denote its centralizer in GU+(R). If U ⊂ GU(A∞) is a neat open compact subgroup,
then define
MU ,τ(C) = GU(Q)/(GU(A∞)/U ×GU+(R)/Cτ ).
It is a moduli space for quadruples (A, i, λ,α) where
(1) A is an abelian variety over C;
(2) i ∶ K ↪ End0(A) is a homomorphism such that λ ○ i(b) = i(b∗)∨ ○ λ for all b ∈ K as
well as the following: Recall that the vector space VC can be decomposed as V1⊕V2
where h(i) acts as i on V1 and as −i on V2. Furthermore, the imaginary quadratic
field F acts on Vi via τ ∶ F ↪ C or its conjugate embedding τ
c. Thus Vi decomposes
into V τi and V
τc
i . Then V
τ
1 is the subspace where h(i) acts as i and F acts via τ ,
and V τ
c
1 is the subspace where h(i) acts as −i and F acts via τ c. We require LieA
to be isomorphic to V1 so that LieA decomposes into LieA
+ and LieA− depending
on the action of F .
(3) λ ∶ A→ A∨ is a polarization
(4) α is a U-orbit of isomorphisms of skew-Hermitian K-vector spaces (in the sense
of Kottwitz) V ⊗Q A
∞ ≅ H1(A,A∞), i.e. the Tate module of A. Note that the
alternating pairing on the Tate module is the λ-Weil pairing.
Every quadruple (A, i, λ,α) satisfying the above restrictions gives rise to an element
GU(A∞)/U × hτ as follows. Note that the isomorphism α allows us to identify V with
H = H1(A,Q) over any finite place of Q. Over R, we have that H1(A,Q)R ≅ LieA, and
the complex structure on LieA induces a complex structure on H, thus we can get a
decomposition H1 ⊕H2. By the conditions on i, we have that Hi ≅ Vi as K ⊗R C-modules,
and thus H1(A,R) ≅ VR as well. Since the complex structure on H1(A,R) is obtained
by conjugating h by some rigidification of H1(A,R) on GU(R), we see that the possible
complex structures on H1(A,R) is exactly the subset hτ .
By the Hasse principle, we can conclude that H1(A,Q) and V are isomorphic over Q.
Choose an isomorphism αQ and consider the automorphism (αQ⊗A∞)○α of V ⊗A∞. This
defines an element of GU(A∞), but since α is only well-defined up to its orbit in U , such
an isomorphism determines an element of GU(A∞)/U .
Thus, the tuple (A, i, λ,α) along with a choice of isomorphism αQ determines an ele-
ment of GU(A∞)/U × hτ . Forgetting the isomorphism αQ is equivalent to taking the quo-
tient by the left action of GU+(Q). Thus, the quadruple (A, i, λ,α) determines a point on
GU+(Q)/(GU(A∞)/U × hτ =MU ,τ(C). Note that the set of complex points of the Shimura
variety MU is the (disjoint) product over all τ ∈ ΣK of MU ,τ(C).
3. Classical automorphic forms
In this section we will first recall the classical definition of automorphic forms on uni-
tary groups over C following [Shi00], and then describe equivalent viewpoints that let us
generalize to work over other base rings than C.
3.1. Classical definition of complex automorphic forms on unitary groups. Con-
sider the domain H for GU+(R) ∶
H = ∏
τ∈Σ
Ha+τ×a−τ with Ha+τ×a−τ = {z ∈Mata−τ×a+τ (C) ∣1 − tzcz is positive definite}.
If we write g = ( ag,τ bg,τcg,τ dg,τ )τ∈Σ ∈ GU+(R), where ag,τ ∈ GLa+τ (R) and dg,τ ∈ GLa−τ (R), then
the action of g on H is given by
gz = ((ag,τzτ + bg,τ)(cg,τ zτ + dg,τ)−1)τ∈Σ for zτ ∈ Ha+τ×a−τ .
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Because GU+,τ (R) acts transitively on Ha+τ×a−τ and there is a point with stabilizer isomor-
phic to Cτ , we can identify H with ∏τ∈Σ hτ (see [Shi00][12.1]).
In order to define the desired transformation properties that automorphic forms should
satisfy, we need to introduce a few more definitions. Using the above notation, for g ∈
GU+(R) and z = (zτ)τ∈Σ ∈ H the factors of automorphy for each {τ˜ , τ˜ c} ⊂ ΣK above τ ∈ Σ
are defined by
µτ˜(g, z) ∶= cg,τzτ + dg,τ and µτ˜c(g, z) ∶= bg,τ tzτ + ag,τ ,
and the scalar factors of automorphy are
jτ (g, z) ∶= det(µτ(g, z)) for τ ∈ ΣK .
Remark 1. By [Shi78, Equation (1.19)], for all τ ∈ Σ and g ∈ GU+(K+τ ),
det(µτ˜c(g, z)) = det (g)−1 ν (g)aτ det(µτ˜(g, z)).
Define
Mg(z) ∶= (µτ˜c(g, z), µτ˜ (g, z))τ∈Σ ∈ ∏
τ∈Σ
Mata+ τ˜×a+ τ˜ ×Mata− τ˜×a− τ˜
If ρ ∶ Levi(C)(≅ ∏
τ∈ΣK
GLa+τ (C) ×GLa−τ (C)) → GL(X) is a rational representation into a
finite-dimensional complex vector space X, f ∶H →X a map and g ∈ GU+(R), then denote
by f ∣∣ρg ∶H →X and f ∣ρg ∶H →X the maps given by
(f ∣∣ρg)(z) ∶= ρ(Mg(z))−1f(gz)
f ∣ρg ∶= f ∣∣ρ (ν(g)−1/2g) .
for all z ∈ H. Note that for all g ∈ U(C),
f ∣ρg = f ∣∣ρg.
Associated to an OF -lattice LF with an action of GU+(Q) and an integral OF -ideal c,
we define the subgroup
Γ(LF , c) ∶= {g ∈ GU+(Q) ∣ tLF g = tLF and tLF (1 − g) ⊂ ctLF}.
Then a congruence subgroup Γ of GU+(Q) is a subgroup of GU+(Q) that contains Γ(LF , c)
as subgroup of finite index for some choice of (LF , c) as above.
Definition 1. Let Γ be a congruence subgroup of GU+(Q), X a finite-dimensional complex
vector space and ρ ∶ Levi(C) → GL(X) a rational representation. A function f ∶ H → X
is called a (holomorphic) automorphic form of weight ρ with respect to Γ if it satisfies the
following properties
(1) f is holomorphic,
(2) f ∣∣ργ = f for every γ in Γ,
(3) if (a+, a−)=(1,1), then f is holomorphic at every cusp.
We will call a function f ∶ H → X that satisfies property (2), but not necessarily (1) and
(3) an automorphic function.
Remark 2. Note that if (a+, a−) ≠ (1,1), Koecher’s principle, see [Lan14, Thm. 2.5] for a
very general version, implies that an automorphic form is automatically holomorphic at the
boundary.
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Remark 3. Sometimes, in the definition of an automorphic form, the second condition
of Definition 1 is replaced by f ∣ργ = f for every γ in Γ. The condition that arises from
geometry, though, is f ∣∣ργ = f . Since our main results and proofs are geometric (and since
we want this definition of automorphic forms to agree with the geometric definitions we
give later), we require f ∣∣ργ = f instead of f ∣ργ = f in this paper.
3.1.1. Weights of an automorphic form. The irreducible algebraic representations of Levi ≅∏τ∈ΣK GLa+τ ×GLa−τ over C are in one to one correspondence with dominant weights of
a maximal torus of T (over C). More precisely, let T be the product of the diagonal tori
Ta+τ × Ta−τ for τ ∈ ΣK . For 1 ≤ i ≤ a+τ + a−τ , let ε
τ
i in X(T ) ∶= HomC(T,Gm) be the
character defined by
T (C) = ∏
τ∈ΣK
Ta+τ (C) × Ta−τ (C) ∋ diag(xτ1 ,⋯, xτa+τ+a−τ )τ∈ΣK ↦ xτi ∈ Gm(C).
These characters form a basis of X(T ), and we choose ∆ = {ατi ∶= ετi − ετi+1}τ∈ΣK ,1≤i<a+τ+a−τ
as a basis for the root system of Levi. Then the dominant weights of T with respect to ∆
are X(T )+ = {κ ∈X(T ) ∣ ⟨κ, αˇ⟩ ≥ 0∀α ∈∆}, and they can be identified as follows:
X(T )+ ≅ {(nτ1 ,⋯, nτa+τ+a−τ )τ∈ΣK ∈ ∏
τ∈ΣK
Za+τ+a−τ ∶ nτi ≤ n
τ
i+1∀i}.
For such a dominant weight κ, let ρκ ∶ Levi → Mρ denote the algebraic representation of
highest weight κ. We call f an automorphic form of weight κ, where κ ∈ X(T )+, if f is an
automorphic form of weight ρκ.
3.1.2. Unitary domains and moduli problems. We will now reformulate Definition 1 in order
to generalize it in Section 3.3. We quickly recall the correspondence between quadruples
described in Section 2.2 and points of H.
Fix a PEL datum (K,c,L, ⟨, ⟩, h) and a neat open compact subgroup U ⊂ GU(A∞); let
MU(C) denote the complex Shimura variety of level U associated to the PEL datum. Let
V = L⊗Z R and let ΓU = U ∩GU(Q). We now describe the identification between elements
z ∈ Γ/H and abelian varieties A ∈ MU(C) given by [Shi00]. Shimura defines for z ∈ H an
R-linear isomorphism pz ∶ V → C
g which induces a Riemann form on Cg.
Ez(pz(x), pz(y)) = ⟨x, y⟩ x, y ∈ V.
This implies that Az = C
g/pz(L) is an abelian variety together with a polarization λz
corresponding to Ez. For k ∈ K, define iz(k) to be the element of EndQ(Az) induced by
the action of h(k) and let αz denote the U-orbit of isomorphisms V ⊗ A∞ ≅ H1(Az,A∞)
induced by pz. Altogether, pz gives rise to the Riemann form Ez, the following commutative
diagram:
(1) 0 // L //

V //

V /L //

0
0 // Λ // Cg // A // 0,
and Az ∶= (Az, iz , λz, αz). Shimura [Shi00, Theorem 4.8] (together with [Mil04, Proposition
4.1]) further proves that
Theorem 3.1. For each z ∈ H, Az ∈ MU(C) for some neat open U . Conversely, if A ∈
MU(C) for some U , then there is a z ∈ H such that A ≅ Az. Furthermore Az and Aw for
z,w ∈ H are isomorphic if and only if w = γz for some γ ∈ U ∩GU+(Q).
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3.1.3. Second definition of classical automorphic functions. For A ∈MU(C), let Ω =H1(A,Z)⊗
C which has a decomposition into Ω± depending on the (induced) action of h(i) on Ω. Set
E±Aτ = IsomC(Ca±τ ,Ω±τ ) and EA = ⊕
τ∈ΣK
(E+Aτ ⊕ E−Aτ).
The group GLa±τ (C) acts on E±Aτ by
(g.f)(x) = f(tgx) for g ∈ GLa±τ (C), f ∈ E±Aτ , x ∈ Ca±τ ,
which induces a (diagonal) action of Levi(C) on EA.
For z ∈ H, the map pz induces a choice of basis on H1(Az ,Z) via the identification with
pz(L), which by duality induces a choice of basis Bz of Ω. This is equivalent to giving an
element lz of EAz .
Lemma 3.2. Let ρ ∶ Levi(C) → GL(X) be a rational representation. Then there exists a
one-to-one correspondence between automorphic functions of weight ρ with respect to ΓU
and the set of functions F from pairs (A, l), where A ∈MU(C) and l ∈ EA, to X satisfying
(2) F (A,gl) = ρ(tg)−1F (A, l) for all g ∈ Levi(C).
The bijection is given by sending a function F to the automorphic function fF ∶ z ↦
F (Az, lz).
Proof. (sketch) We will first show that the map F ↦ (fF ∶ z ↦ F (Az, lz)) is well defined
and afterwards construct an inverse for it. To do the former, let z ∈H, γ ∈ ΓU . We need to
show that F (Az, lz) = ρ(Mγ(z))−1F (Aγz, lγz). It follows from [Shi00, page 27] that tMγ(z)
maps pγz(L) to pz(L) and defines an isomorphism between Aγz and Az. Note that under
this isomorphism, lγz of Ω gets mapped to
tMγ(z)−1lz. Hence using property (2), we obtain
F (Aγz, lγz) = F (Az, tMγ(z)−1lz) = ρ(Mγ(z))F (Az, lz)
as desired.
We define the inverse of F ↦ fF as follows: Let f be an automorphic function of weight
ρ with respect to ΓU , and (A, l) where A ∈MU(C) and l ∈ EA. Then, by Theorem 3.1, there
exists z ∈H such that Az is isomorphic to A, and there exists a unique g ∈ Levi(C) such that
l = glz . We define Ff(A, l) = ρ(tg)−1f(z). By the transformation property of automorphic
function we obtain analogously to above that f ↦ Ff is well-defined and Ff satisfies (2).
Moreover, f ↦ Ff is obviously an inverse of F ↦ fF . 
Automorphic functions of weight ρ with respect to congruence subgroups Γ that strictly
contains ΓU can be characterized in the same style as follows:
Lemma 3.3. Let ρ ∶ Levi(C) → GL(X) be a rational representation, a Shimura variety
MU(C) where U is a neat open compact subgroup, and Γ a congruence subgroup of GU+(Q)
containing ΓU = U ∩ GU+(Q). Then there exists a one to one correspondence between
automorphic functions of weight ρ with respect to Γ and the set of functions F from pairs(A, l), where A = (A, i, λ,α) ∈MU(C) and l ∈ EA, to X satisfying
F (A,gl) = ρ(tg)−1F (A, l) for all g ∈ Levi(C),
and such that for all γ ∈ Γ and z ∈H, we have
(3) F (Az, lz) = ρ(Mγ(z))−1F (Aγz , lγz).
It suffices to check condition (3) for a set of representatives of Γ/Γ′.
This lemma follows easily from Lemma 3.2 and Definition 1.
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3.2. Algebraic definition of classical automorphic functions. Finally, we would like
to view automorphic forms as functions on abelian varieties on MU(C). For this, we de-
fine the contracted product EA,ρ = EA ×ρ(t⋅)−1 X of EA and X to be the product EA × X
modulo the equivalence relation given by (l, v) ∼ (gl, ρ(tg)−1v) for g ∈ Levi(C). Note that
for g ∈ GU+(Q), the identification H1(Az,Z) ⊗ C = ∏
τ∈ΣK
Cn = H1(Agz,Z) ⊗ C induces an
identification ιg ∶ EAz → EAgz , and we can define the isomorphism ig ∶ EAz ,ρ → EAgz ,ρ by(l, v) → (ιg(l), ρ(Mg(z))v). Note that ig is the identity for g ∈ ΓU . It is an easy exercise to
see that Lemma 3.3 can be reformulated as follows.
Lemma 3.4. Let ρ ∶ Levi(C) → GL(X) be a rational representation, MU(C) and Γ a con-
gruence subgroup of GU+(Q) containing ΓU . Then there exists a one-to-one correspondence
between automorphic functions of weight ρ and level Γ and the set of functions F̃ from
A ∈MU(C) to EA,ρ satisfying
(4) iγ (F̃ (Az)) = F̃ (Aγz) for all z ∈H, γ ∈ Γ.
Remark 4. Note that by Theorem 3.1 giving a function F̃ from MU(C) to EA,ρ satisfying
(4) is the same as giving a global section of the vector bundle EAz ,ρ over MU(C).
3.3. (Classical) algebraic automorphic forms. In Section 3.1, we considered automor-
phic forms over C. Building on the discussion from Section 3.1, we now consider automor-
phic forms over other base rings. The approach in this section is similar to the approach
in [Eis12, Section 2.5] and [Kat78, Section 1.2]. Note that [Eis12] only considers the case
in which the signature at each τ ∈ ΣK is (a+τ , a−τ)τ∈ΣK with a+τ = a−τ , but the definitions
from [Eis12, Section 2.5] carry over to the general case with only trivial modifications.
For any neat open compact subgroup U , consider the integral model MU/OE introduced
in Section 2.3.2. For any scheme S over Spec(OE), we put
MU ,S ∶=MU ×OE S.
When S = Spec(T ) for a ring T , we will often write MT instead of MSpec(T ).
For any S-point A = (A, i, λ,αp) of MU , let ΩA/S denote the locally free OS-module
defined as the pullback of the relative differentials. We have a decomposition ΩA/S =⊕τ∈ΣK(Ω+A/S,τ ⊕Ω−A/S,τ) where Ω±A/S,τ is rank a+τ and a−τ , respectively. Note that in matrix
form, Levi =∏τ∈ΣK GLa+τ ×GLa−τ . Let Levi± =∏τ∈ΣK GLa±,τ
E±A/S ∶= ⊕
τ∈ΣK
IsomOS (Oa±τS ,Ω±A/S,τ) and EA/S ∶= E+A/S ⊕ E−A/S ,
respectively. Let R be a OE-algebra, and consider an algebraic representation ρ of L (over
R) into a finite locally free R-module Mρ. For any such ρ, define a sheaf EA/S,ρ
E(A/S,ρ) = EA/S ×
ρM
∶= (EA/S ×M) / (ℓ,m) ∼ (gℓ, ρ(tg−1)m) .
(Define the contracted produce locally and then glue.)
Definition 2 (First Equivalent Definition of Algebraic Automorphic Forms). An automor-
phic form of weight ρ level U defined over R is a function f
(A, ℓ)↦ f (A, ℓ) ∈ MU(R′)
defined for all R-algebras R′, R′-points A ∈MU , and global sections ℓ ∈ EA/R′ , such that all
of the following hold:
(1) f (A, ℓ) depends only on the R′-isomorphism class of (A, ℓ);
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(2) f (A,αℓ) = ρ((tα)−1)f (A, ℓ) for all α ∈ Levi (R′) and all ℓ ∈ EA/R′ (R′);
(3) The formation of f (A, ℓ) commutes with extension of scalars R1 → R2 for any
R-algebras R1 and R2. More precisely, if R1 → R2 is a ring homomorphism of
R-algebras, then
f (A ×R1 R2, ℓ⊗R1 R2) = f (A, ℓ)⊗R1 1R2 ∈ MU(R2).
Below in Definition 3, we give a definition of automorphic forms that is equivalent to
Definition 2.
Definition 3 (Second Equivalent Definition of Algebraic Automorphic Forms). An auto-
morphic form of weight ρ defined over an OE-algebra R is a function f˜
A↦ f˜(A) ∈ EA/R(R′)
defined for all R-algebras R′ and A ∈ MU ,R′ such that all of the following hold:
(1) f˜(A) depends only on the R′-isomorphism class of A;
(2) The formation of f˜(A) commutes with extension of scalars R1 → R2 for any R-
algebras R1 and R2. More precisely, if R1 → R2 is a ring homomorphism of R-
algebras, then
f˜ (A ×R1 R2) = f˜ (A)⊗R1 1R2 .
Remark 5. The equivalence between Definition 2 and Definition 3 is given by
f˜(A) = (ℓ, f (A, ℓ)) .
for all abelian varieties A/R (corresponding to R →M) and global sections ℓ ∈ EA/R.
Let A = (A, i, λ,αp)univ denote the universal abelian variety over MU ,S equipped with
e ∶ A → MU ,S. Denote the pullback via the identity section of the sheaf of differentials
ΩA/M and define EU = IsomOMU (OMU ,ΩA/M). For any algebraic representation ρ of Levi
over a locally free finite R-module Mρ, define EU ,ρ ∶= E ×
ρMρ.
Definition 4 (Third Equivalent Definition of Algebraic Automorphic Forms). An auto-
morphic form of weight ρ defined over R is a global section of the sheaf EU ,ρ on MU ,R.
Remark 6. When we are working with a representation ρ which are uniquely determined
by its highest weight κ, we shall sometimes write EU ,κ in place of EU ,ρ.
3.3.1. Comparison with classical definition of complex automorphic forms. Having defined
algebraic automorphic forms over general base rings, we will show that in the special case
of the base ring being C the definition coincides with the classical definition of complex
automorphic forms given in Section 3.1.
For an integer N , we define UN to be a compact open subgroup of GU(A∞) such that
GU+(Q) ∩ UN = Γ(N) ∶= {(g, ν) ∈ GU+(Q) ∶ g ≡ 1modN}.
Proposition 3.5. Let N be a large enough integer so that UN is neat, and let ρ be an alge-
braic representation of the Levi Levi over C. Then there is bijection between the (algebraic)
automorphic forms of weight ρ defined in Definition 4 as global sections of Eρ on MUN (C)
and the (holomorphic) automorphic forms of weight ρ with respect to Γ(N) as defined in
Definition 1 in Section 3.1.
Proof. (sketch) By Theorem 3.1, MUN (C) ≃ Γ/H as complex manifolds. By GAGA and
Lemma 3.4 together with Remark 4, we conclude that the global sections of Eρ = EU ,ρ on
MUN (C) are in one-to-one correspondence with holomorphic automorphic forms of weight
ρ with respect to Γ(N). 
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Corollary 3.6. Let ρ be an algebraic representation of the Levi Levi over C. Then there is
bijection between the (algebraic) automorphic forms of weight ρ defined in Definition 4 as
global section of Eρ on MC and the (holomorphic) automorphic forms of weight ρ as defined
in Definition 1 in Section 3.1 (of arbitrary level).
This corollary follows from Proposition 3.5 by observing that every congruence subgroup
Γ′ contains a congruence subgroup Γ(N) for some large enough integer N , and every com-
pact open subgroup U of GU(A∞) contains some compact open subgroup UN .
4. p-adic theory
Section 4.1 introduces the Igusa tower, a tower of finite e´tale Galois coverings of the
ordinary locus of M. Section 4.2 introduces p-adic automorphic forms, which arise as
sections of a line bundle over the Igusa tower.
4.1. The Igusa tower over the ordinary locus. In this section, we will construct a
tower of finite e´tale Galois coverings of the ordinary locus of the integral model M. In
order to guarantee that the ordinary locus over the special fiber of M is nonempty, we
make the following assumption: the prime p splits completely in the reflex field E. In this
case, the ordinary locus is open and dense in the special fiber of M. Choose a place P of
E above p and let EP be the corresponding completion of E, with ring of integers OEP and
residue field k. By abuse of notation, we will still denote the base change of M to OEP by
M. Let S be a scheme of characteristic p.
Definition 4.1.1. An abelian variety A/S of dimension g is ordinary if for all geometric
points s of S, the fiber A[p](s) has pg elements.
For every abelian variety A/S, the Hasse invariant Ha(A/S) is a section of ω⊗(p−1)
A/S
, where
ωA/S is the top exterior power of the pushforward to S of the sheaf of invariant differentials
on A. It is easy to show that an abelian variety A is ordinary if and only if Ha(A/S) is
invertible. (We now sketch an argument for this, as in [Sch13, Lemma III.2.5]: the Hasse
invariant, which corresponds to pullback along the Verschiebung isogeny, is invertible if
and only if Verschiebung is an isomorphism on tangent spaces, which happens if and only
if Verschiebung is finite etale. A degree computation shows that this is equivalent to the
condition that A be ordinary.) We define the ordinary locus
M
ord
⊂M ∶=M ×OEP k
to be the complement of the zero set of the Hasse invariant. Since p splits completely
in E, the nonemptiness of M
ord
follows from [Wed99]. We also define the ordinary locus
Mord over OEP to be the complement of the zero set of a lift of the Hasse invariant. In
addition, we define Sord over the ring of Witt vectors W to be an irreducible component of
the complement of the zero set of a lift of the Hasse invariant, i.e. Sord is one connected
component of Mord ×OEP W. In other words, S
ord is the ordinary locus of one connected
component S of M.
Remark 7. We note that we could define the ordinary locus in an alternate way, using the
stratification ofM in terms of the isogeny class of the p-divisible group G ∶= AM[p∞], where
AM denotes the universal abelian variety overM. The isogeny class of the p-divisible group
G (equipped with all its extra structures) defines a stratification of M with locally closed
strata and the ordinary locus, corresponding to the constant isogeny class (µp∞)g×(Qp/Zp)g,
is the unique open stratum.
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Let A ∶= AMord be the universal ordinary abelian variety overM
ord. Pick an OEp-valued
point x of Mord, with closed geometric point x¯, an Fp-valued point of M
ord. We can
identify Lp (defined as in Section 2.1) with the p-adic Tate module of the p-divisible group
Gx. Choose such an identification Lp ≃ TpAx[p∞], compatible with the OK -action and with
the Hermitian pairings on both factors. The kernel of the reduction map
TpAx[p∞]→ TpAx¯[p∞]e´t
determines an OK -submodule L ⊂ Lp as the kernel. Recall that Lp is self-dual under the
Hermitian pairing ⟨⋅, ⋅⟩. Define L∨ ∶= Lp/L.
The choice of x¯ determines a connected component ofMord, namely the connected com-
ponent containing x¯. The choice of x¯ also determines the lattice L∨. The different connected
components can be labeled by different lattices L∨ (corresponding to different choices of x¯).
Remark 8. By considering the primes in K+ above p individually, we can write down
an explicit formula for L∨ (denoted L in [Hid11]), using the fact that each such prime
splits from K+ to K. The exact formula for L as an OK -module will depend on the set
of signatures of the unitary similitude group GU(R). More precisely, for each embedding
τ ∶ K ↪ C, let (a+τ , a−τ) be the signature of GU at the infinite place τ . Choose an
isomorphism ιp ∶ C
∼
→ Q¯p. By composing with ιp, each τ determines a place of K above
p. Let p = ∏ri=1 pi be the decomposition of p into prime ideals of K+. Each pi splits in K
as pi = PiP
c
i , where Pi lies above the prime w of F . The i-term of Lp (obtained from the
decomposition OK ⊗Z Zp = ⊕
r
i=1(OKPi ⊕OKPci )) can be identified with
O
n
KPi
⊕O
n
KPc
i
.
Then the determinant condition implies that
L ≃ ⊕ri=1(Oa+τiKPi ⊕O
a−τi
KPc
i
),
where τi is a place inducing Pi. Note that there is a natural decomposition L = L
+
⊕ L−,
coming from the splitting p = w ⋅ wc. Also note that Levi (Zp) ≅ ∏ri=1GLa+τi (OKPi ) ×
GLa−τi (OKPci ).
Now, we introduce the Igusa tower over the component Sord. For each n ∈ Z≥1, consider
the functor
Igordn ∶ {Schemes/Sord}→ {Sets}
that takes an Mord-scheme S to the set of OK -linear closed immersions
L⊗Z µpn ↪AS[pn],
where AS ∶= ASord ×Sord S. This functor is representable by an S
ord-scheme, which we also
denote Igordn . For each m ∈ Z≥1, we define Wm ∶=W/pmW and
S
ord
m ∶= S
ord
×W Wm.
We also consider the functor
Igordn,m ∶ {Schemes/Sordm }→ {Sets}
that takes an Sordm -scheme S to the set of OK -linear closed immersions
L⊗Z µpn ↪AS[pn],
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where AS ∶= ASord ×Sord S. We define
Igordn ∶= lim←Ð
m
Igordn,m
Igord ∶= lim
←Ð
n
Igordn ,
with the maps given by forgetful functors. The tower Igord finite e´tale Galois coverings is
called the Igusa tower. Note that for each n ≥ 1, Igordn,m is a finite e´tale covering of S
ord
m
whose Galois group is the group of OK -linear automorphisms of L/pnL. Also, note that
Igord is a formal scheme that is an e´tale covering of Sord∞ ∶= lim←Ðm
Sordm .
We now give a different way of thinking about Igord. Let Mord be the formal com-
pletion of Sord along its special fiber. This is a formal scheme over W. For p-divisible
groups over Mord there is a connected-e´tale exact sequence, so it makes sense to define
the connected part AMord[p∞]○ of AMord[p∞]. Then the formal completion Igordn can be
identified with the formal scheme IsomMord(L ⊗Z µpn ,AMord[pn]○). Using the duality in-
duced by the Hermitian pairing on Lp and by λ on AMord[p∞] (and noting that duality
interchanges the connected and e´tale parts), we can further identify Igordn with the formal
scheme IsomMord (L∨/pnL∨,AMord[pn]e´t). This is finite e´tale over Mord.
4.1.2. Irreducibility. In this section, we show that the Igusa tower Igord is not irreducible,
but we also sketch how one can pass to a partial SU -tower that is irreducible.
Notice that Igordn can be identified with
IsomSord (L∨/pnL∨,AMord[pn]e´t) .(5)
Consider the compatible sequence of determinant morphisms of sheaves det ∶ Igordn →(OK/pnOK)× over Mord. Let
v ∈ lim
←Ð
n
IsomSord (L∨/pnL∨,AMord[pn]e´t)
be a generator. Let Igord,SUn be the inverse image of v (mod pn) under det.
Theorem 4.1. (Hida) Igord,SUn is a geometrically irreducible component of Ig
ord.
Proof. (Sketch) We have an e´tale cover Igord,SUn of the smooth irreducible variety S
ord over
W. One of Hida’s strategies for proving the irreducibility of the e´tale cover in this situation
is considering a compatible group action of a product G1 × G2 on Ig
ord,SU
n and S
ord, in
such a way that G1 ⊂ Aut(Sord) fixes and G2 ⊂ Aut(Igord,SUn /Sord) acts transitively on the
connected components of Igord,SUn . The group G1 can be identified with the finite adelic
points SU(AΣ) away from certain bad places Σ containing p. This group will not have any
finite quotient and therefore will preserve the connected components of the Igusa tower.
The group G2 can be identified with the Levi subgroup Levi1(Zp) ∶= Levi(Zp) ∩ SU(Zp),
where Levi(Zp) is as in Remark 8. The action of Levi1(Zp) on the connected components
is transitive, since Igord,SUn /Sord is an Levi1(Zp)-torsor via the action on the Igusa level
structure.
Then, choosing x to be a point on Igord,SUn (which amounts to the same thing as choosing
a CM point x˜ on the ordinary locus Sord), Hida considers the group Tx generated by G1 and
the stabilizer of x in G1 × G2. He shows one can choose the point x such that Tx is dense
in G1 × G2, which amounts to choosing a point whose stabilizer has p-adically dense image
in Levi1(Zp). This density is obtained as a by-product of the fact that x˜ has many extra
endomorphisms over Q and the fact that Levi1(Zp)∩SU(Q) is dense in Levi1(Zp). On one
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hand, Tx is dense in a group acting transitively on the connected components of Ig
ord,SU
n ; on
the other hand, Tx fixes the connected components by definition. This shows that Ig
ord,SU
n
has only one connected component to start with and, therefore, that it is irreducible. 
4.2. p-adic automorphic forms.
4.2.1. Definition. Assume the tame level group U is neat. Recall that Igordn parametrizes
quintuples (A,λ, i,α, j)/R where (A,λ, i,α) ∈MU ,R together with a
j ∶ µpn ⊗Z L ↪ A[pn].
Note that the existence of j implies that if p is nilpotent in the base ring R then A must be
ordinary. Additionally, Igordn,∞ is a Galois cover of the ordinary locus of the Shimura variety
with Galois group equal to Levi.
Recall that on MU ,W, there is an automorphic vector bundle EU ,ρ associated to an alge-
braic representation ρ of Levi over a locally free finite module Mρ over the W. Recall that
a section f of EU ,ρ can be thought of as a morphism f ∶ EU →Mρ such that
f(x,hl) = ρ(h)f(x, l) h ∈ Levi.
Equivalently, if N denotes the unipotent radical of the Borel of Levi and π ∶ EU →MU , then
EU ,ρ = EU ,κ = (π∗EU)N [κ],
where κ denotes the highest weight of ρ. It is a locally free coherent OM-module.
Recall that the space of modular forms over W of weight ρκ and some neat level U can
be thought of as
H0(MU/W,Eκ).
Let Ha ∈H0(MU/Fp ,det(EStd)p−1) be the Hasse invariant. Since det(EStd)p−1 is ample, we
can lift a power of the Hasse invariant Hatp−1 for some sufficiently large positive integer t to
obtain a global section H̃a
t
p−1 ∈ H
0(M,det(EStd)t(p−1)). Note that det(EStd)t(p−1) = Et(p−1)
where t(p − 1) = (t(p − 1)⋯t(p − 1)). Recall that Mord/Wm =M[1/H̃atp−1]/Wm be the ordinary
locus of M/Wm . Let V
ord
κ (Wm) ∶=H0(Mordm ,Eκ). By definition, we have
V ordκ (Wm) = lim
n
H0(M/Wm ,Eκ+nt(p−1))
H̃a
nt
p−1
.
Recall that the Igusa tower (Igordn,m)n,m≥0 consists of finite covers of Igord0,m with finite etale
maps πn′,n ∶ Ig
ord
n′,m → Ig
ord
n,m for n
′ ≥ n ≥ 0.
Define
Vn,m =H
0(Igordn,m,OIgordn,m),
Let V∞,m ∶= limÐ→n
Vm,n and V ∶= V∞,∞ ∶= lim←Ðm
V∞,m.
Definition 4.3. We call V N = V N∞,∞ the space of p-adic modular forms.
Remark 9. In Definition 4.3, we have defined p-adic modular forms over the non-compactified
Shimura variety. Typically, p-adic automorphic forms are defined over the compactified
Shimura variety. Any toroidal compactification would suffice, because Lan proved that the
sheaves on any toroidal compactification descend to the minimal compactification. We plan
to address problems concerning compactifications of the Igusa tower in future work. For the
present paper, though, we are interested in local properties of automorphic forms, namely
their local behavior at CM points. Thus, compactifications have no bearing on the main
results of this paper.
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Let T = T (Zp) and let ΛT ∶= Zp[[T]]. The Galois action of T on V N∞,m makes the space of
p-adic modular forms a discrete ΛT -module.
Let n ≥m. Recall that each element f ∈ V Nm,n can be viewed as a function
(A, j) ↦ f (A, j) ∈Wm,(6)
where A consists of an abelian variety A/Wm together with a polarization, an endomor-
phism, and a level structure, and j ∶ A[pn]e´t ∼→ (Z/pnZ) ⊗ L is an isomorphism such that
j(A[wn]e´t) = (Z/pnZ)⊗L+ and j(A[(wc)n]e´t) = (Z/pnZ)⊗L−.
Recall that each element g in Levi(L/pmL) = GL (Z/pmZ⊗L) acts on elements f in Vm,n
via
(g ⋅ f)(A, j) ∶= f(A,gj).
We may view each element f ∈H0 (Sordm ,Eκ) as a function
(A, ℓ)↦ f(A, ℓ) ∈ IndLeviB (κ)W = {f ∶ Levi/N → A1W ∶ f(ht) = κ(t)f(h), t ∈ T},
where A is as in Equation (6) and ℓ ∈ Isom(Z/pnZ ⊗ L∨,ΩA/Sordm ). Additionally, note that
there is an action of Levi on IndLeviB (κ) which defines the representation ρκ by
Levi ∋ h ∶ f(x)↦ ρκ(h)f(x) = f(h−1x).
Since n ≥m, for A ordinary over Wm, we have
LieA = LieA[pn]○.
Thus, for the universal abelian variety A, we have
ΩA/Sordm = (LieA)∨ = (LieA[pn]○)∨ ≅ (Lie(A[pn]e´t)∨)∨ ≅ A[pn]e´t ⊗OSordm .(7)
By Equation (7), there is an isomorphism
ΩA/Sordm
∼
→A[pn]e´t ⊗OSordm .
Thus, we may view each element f ∈H0 (Sordm ,Eκ) as a function
(A, j) ↦ f (A, j) ∈ IndLeviB (κ) /Wm,
where A and j are as in Equation (6).
As explained in [Hid04, Section 8.1.2], there is a unique (up to W-unit multiple) N -
invariant element ℓcan ∈ (IndLeviB (κ)W)∨ = HomW(IndLeviB (κ),W). The element ℓcan gener-
ates ((IndLeviB (κ)W)∨)N . We may normalize ℓcan so that it is evaluation at the identity in
GLn.
Now, we define a map
Ψm,n ∶H
0 (Sordm ,Eκ)→ V Nm,n[κ]
f ↦ f˜(A, j) ∶= ℓcan(f(A, j)).
Note that for each b ∈ B,
(bf˜)(A, j) = f˜(A,bj)
= ℓcan(f(A,bj))
= f(A,bj)(1)
= f(A, j)(b)
= κ(b)f(A, j)(1) = κ(b)ℓcan(f(A, j)).
for all A and j as in Equation (6). So f˜ is indeed in V Nm,n[κ].
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Remark 10. Note that the map Ψ is injective. (Indeed, if Ψ(f) = 0, then for all A and j,
f(A, j)(1) = 0, so f(A,gj)(1) = 0 for all g ∈ G, so f(A, j)(g) = 0 for all g ∈ G, and hence,
f(A, j) = 0.)
We therefore have a map
Ψ ∶ H0 (Sord,Eκ)→ V N∞,∞[κ].
In the sequel, we label Ψ = Ψκ to reflect the weight.
Remark 11. While it is not the subject of this paper, it is natural to ask about density
results concerning the space of p-adic automorphic forms (and spaces of classical automor-
phic forms within the space of p-adic automorphic forms). For this, we refer the reader to
[Hid04, Chapter 8] and [HLTT13, Proposition 6.2]. Also, when thinking of p-adic automor-
phic forms as classes in the completed cohomology of Shimura varieties, Theorem IV.3.1
of [Sch13] shows that every class can be p-adically interpolated from classical automorphic
forms. This statement is stronger than all previous results, since it also applies to torsion
classes which contribute to completed cohomology.
5. Serre-Tate expansions
The goal of this section is to establish a p-adic analogue of the q-expansion principle for
automorphic forms as a consequence of Hida’s irreducibility result for the Igusa tower.
Classically, q-expansions arise by localization at a cusp, i.e., the q-expansion of a scalar-
valued form f is the image of f in the complete local ring at the cusp, regarded as a power
series in q, for q a canonical choice of the local parameter at the cusp. In these terms, the q-
expansion principle states that localization is injective, and it is an immediate consequence
of the fact that the space is connected. Alternatively, when working over the whole Shimura
variety, it becomes necessary to choose a cusp on each connected component, and consider
all localizations at once.
In this paper, we work over a connected component S of M, but we replace cusps with
integral ordinary CM points (i.e. points of Sord defined over W corresponding to abelian
varieties with complex multiplication). The crucial observation is that given an integral
ordinary CM point x0, the choice of a lift x of x0 to the Igusa tower uniquely determines
a choice of Serre-Tate local parameters at x0, i.e. x defines an isomorphism of the p-adic
completion of the complete local ring at x0 with a power series ring over W. We call the
power series corresponding to the localization at x of an automorphic form its t-expansion,
for t denoting the Serre-Tate local parameters.
5.1. Localization. Let x¯0 ∈ S
ord(k), and x0 ∈ Sord(W) any integral lift of x¯0. (Without
loss of generality, we may chose x0 to be a CM point, or even the canonical CM lift of x¯0;
see Remark 16.) We write O∧
Sord,x0
for the complete local ring of Sord at x0, and define
RSord,x0 to be the p-adic completion of O
∧
Sord,x0
.
More explicitly, RSord,x0 can be constructed as follows. For each m ≥ 1, we write x0,m
for the reduction of x0 modulo p
m, regarded as a point of Sordm ∶= S
ord
×W W/pmW (in
particular, x¯0 = x0,1). Let O
∧
Sordm ,x0
denote for the complete local ring of Sordm at x0,m. The
p-adic completion RSord,x0 of O
∧
Sord,x0
can be identified with lim
←Ðm
O∧
Sordm ,x0
. Alternatively,
RSord,x0 can also be identified with O
∧
Sord,x¯0
.
Let x ∈ Igord denote a compatible system of integral points x = (xn)n≥0 on the Igusa tower
above x0; i.e. for each n ≥ 0, xn is an integral point in Ig
ord
n , Ig
ord
0 = S
ord, with xn mapping
to xn−1 under the natural projections. Given the point x0 ∈ S
ord, a choice of x ∈ Igord
lying above x0 is equivalent to a choice of an Igusa structure of infinite level (i.e. a choice of
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compatible isomorphisms as in Equation (5)) on the corresponding ordinary abelian variety.
For all m, as n varies, the natural projections j = jm,n ∶ Ig
ord
m,n → S
ord
m induce a compatible
system of isomorphisms
jx ∶ O
∧
Sordm ,x0
∼
→ O
∧
Igordm,n,xn
which allow us to canonically identify O∧
Igord,x
∶= lim
←Ðm
lim
Ð→n
O∧
Igordm,n,xm,n
with RSord,x0 .
We define locx ∶ V
N → RSord,x0 as the localization at x ∈ Ig
ord composed with j−1x . With
abuse of language, we still refer to locx(f) ∈ RSord,x0 as the localization of f at x, for all
f ∈ V N .
Remark 12. We compare localizations at different points x ∈ Igord above x0. For any
g ∈ Levi (Zp), we have j ○ g = j. Thus, for all f ∈ V N we have
locgx(f) = locx (g ⋅ f) ,
for any g ∈ Levi(Zp) and x ∈ Igord.
Proposition 5.1.1. Let x ∈ Igord∞ . The map locx ∶ V
N →RSord,x0 is injective.
Proof. Were the Igusa covers Igordn irreducible over S
ord, the statement would immediately
follow. As it happens Igordn is not irreducible, thus a priori the vanishing under the localiza-
tion map locx only implies the vanishing on the connected component containing x. As the
torus T (Zp) ⊂ Levi(Zp) acts transitively on the connected components of Igord over Sord,
it suffices to prove that for all f ∈ V N , the identity locx(f) = 0 implies locgx(f) = 0 for all
g ∈ T (Zp). This is obviously true for f ∈ V N [κ], for any weight κ. Since the subspaces
V N [κ] span a dense subspace of V N (as κ varies), the statement holds for all V N . 
5.2. Serre-Tate coordinates. It follows from the smoothness of Sord that for any point
x0 the ring RSord,x0 is (non-canonically) isomorphic a power series ring over W. The goal
of this section is to explain how Serre-Tate theory implies that for x a lift of x0 to Ig
ord,
the ring O∧
Igord,x
is canonically isomorphic to a ring of power series over W.
We recall Serre-Tate theory following [Kat81]. The first theorem describes the defor-
mation space of an ordinary abelian variety, and the second explains how to address the
lifting of additional structures (such as a polarization and extra endormorphisms). As an
application we deduce a description of the ring RSord,x0 , for any x0 ∈ S
ord(W).
We introduce some notation. Let A be an ordinary abelian variety over k, of dimension
g. The physical Tate module of A, TpA(k), is the Tate module of the maximal e´tale quotient
of A[p∞], i.e
TpA(k) = lim
←Ð
n
A[pn](k) = lim
←Ð
n
A[pn]e´t(k).
As A is ordinary, TpA(k) is a free Zp-module of rank g. Like above, we denote by A∨ the
dual abelian variety, and we denote by TpA
∨(k) the physical Tate module of A∨.
Let R be an Artinian local ring, with residue field k. A lifting (or deformation) of A
over R is a pair (A/R, j), consisting of an abelian scheme A over R, together with an
isomorphism j ∶ A⊗R k → A. By abuse of notation we sometime simply write A/R for the
pair (A/R, j). To each lifting (A/R, j), as explained in [Kat81, Section 2.0, p. 148], Serre
and Tate associated a Zp-bilinear form
qA/R ∶ TpA(k) × TpA∨(k)→ Gˆm(R).
Theorem 5.1 ([Kat81] Theorem 2.1, p. 148). Let the notation be as above.
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(1) The map (A/R, j) ↦ qA/R is a bijection from the set of isomorphism classes of
liftings of A over R to the group HomZp(TpA(k)⊗ TpA∨(k), Gˆm(R)).
(2) The above construction defines an isomorphism of functors between the deformation
space MA/k and HomZp(TpA(k)⊗ TpA∨(k), Gˆm).
In the following we refer to the above isomorphism as the Serre-Tate isomorphism.
Let A and B be ordinary abelian varieties over k, and let f ∶ A → B be a k-isogeny. We
write f∨ ∶ B∨ → A∨ for the dual isogeny. A theorem of Drinfield ([Kat81, Lemma 1.1.3,
p.141]) proves that for any Artinian local ring R, and pair of liftings (A/R, jA),(B/R, jB)
of A,B respectively, if there exists a isogeny φ ∶ A → B lifting f (i.e. satisfying f =
jB ○ (φ ⊗ 1k)j−1A ) then φ is unique. Yet, in general such a lifting of f will not exists.
Theorem 5.2 gives a necessary and sufficient condition for the existence of φ in terms of the
Serre-Tate isomorphism.
Theorem 5.2 ([Kat81] Theorem 2.1, Part 4, p.149). Let the notation be as above. Given A
and B lifting A and B, respectively, over an Artinian local ring R. A morphism f ∶ A → B
lifts to a morphism A → B if and only if qA/R ○ (1 × f∨) = qB/R ○ (f × 1).
We apply the above results in our setting. Let x¯0 ∈ S
ord(k) be an ordinary point in
positive characteristic, and A ∶= Ax¯0 be the associated abelian variety over k, together with
its additional structures. Then, the physical Tate module TpA(k) of A is a freeOK,p-module,
and the polarization λ of A induces a conjugate-linear isomorphism Tp(A)(k) ∼→ TpA∨(k).
Furthermore, the formal completion Sord
∧
x¯0
of Sord at x¯0 is canonically identified with the
closed subspace of the deformation space MA/k consisting of all deformations of A which
are (can be) endowed with additional structures lifting those of A.
Proposition 5.2.1. The restriction of the Serre-Tate isomorphism induces an isomorphism
between the formal neighborhood Sord
∧
x¯0
and ⊕ri=1HomZp(TPiA(k)⊗ TPciA(k), Gˆm).
Proof. For any local Artinian ring R and x ∈ Sord(R), the associated abelian scheme Ax
lifts A together with its additional structure to R. We deduce that the corresponding
bilinear form qAx is symmetric (i.e. satisfies qAx(1 × λ∨) = qA∨x(λ × 1)) and c-hermitian
(i.e. qAx(1 × bc) = qAx(b × 1) for all b ∈ OK , where c denotes complex conjugation). In
particular, qAx is uniquely determined by its restrictions qx,i ∶ TPiA(k)×TPciA(k) → Gˆm(R),
for i = 1, . . . r. To conclude we observe that any such collection of morphisms (qi)i=1,⋯,r
extends to a unique symmetric c-hermitian bilinear form on TpA(k). 
We finally describe how the choice of an Igusa level structure (of infinite level) on A = Ax0
determines a choice of local parameters.
Let OK,p ∶= OK ⊗Z Zp. We consider the OK,p-modules introduced in Section 4.1:
L = L+ ⊕L− ≃ ⊕ri=1(Oavi+KPi ⊕Oavi−KPci ),
where the decomposition comes from the splitting p = w ⋅ wc, and for each i = 1, . . . , r, vi
is a place inducing pi. For each i, we write L
+
i ⊂ L
+ for the submodule corresponding to
the place vi, L
+
i ≃ O
avi+
KPi
. Similarly, we define L−i ⊂ L
−, L−i ≃ O
avi−
KPi
. Then, L+ = ⊕ri=1L
+
i and
L−i = ⊕
r
i=1L
−
i .
We define the OK,p-module
L
2 ≃ ⊕ri=1L
+
i ⊗L
−
i
naturally regarded as a submodule of L⊗L.
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Proposition 5.2.2. A choice of an Igusa structure x of infinite level on A determines a
unique isomorphism between Sord
∧
x¯0
and Gˆm ⊗ L
2. In particular, for each x we have a
canonical isomorphism
βx ∶W [[t]]⊗ (L2)∨ ∼→RSord,x0 .
Proof. The choice of an Igusa structure of infinite level ι ∶ µp∞ ⊗L ↪ A[p∞] is equivalent to
the choice of an OK,p-linear isomorphism Tp(ι∨) ∶ TpA(k) ∼→ L∨, satisfying
Tp(ι∨)(TwA(k)) = (L+)∨ and Tp(ι∨)(TwcA(k)) = (L−)∨.
More precisely, Tp(ι∨) induces isomorphisms TPiA(k) ≃ (L+i )∨ and TPciA(k) ≃ (L−i )∨, for
all i = 1, . . . , r. The first isomorphism in the statement is obtained from the Serre-Tate
isomorphism by composition with the trivializations induced by Tp(ι∨). The second one
follows from the first for t the canonical parameter on Gˆm. 
We denote by I the identity on W [[t]].
Remark 13. For all g ∈ Levi(Zp), we have βgx = βx ○ (I × g).
Finally, we can state an appropriate analogue of the q-expansion principle for p-adic
automorphic forms.
Theorem 5.3 (“t-expansion principle” or “Serre-Tate expansion principle”). Let x0 be a
point of Sord(W), x be a point on the infinite Igusa cover lying above x0, and f be a p-adic
automorphic form of any weight. We define the t-expansion of f at x as
fx(t) ∶= β−1x (locx(f)) ∈W [[t]]⊗ (L2)∨.
Then, the t-expansion fx(t) vanishes if and only if f vanishes.
Remark 14. For any point x on the Igusa tower, the map
V →W [[t]]⊗ (L2)∨ defined by f ↦ fx(t)
is Levi(Zp)-equivariant, i.e. for any g ∈ Levi(Zp)
(g ⋅ f)x(t) = (I⊗ g)(fx(t)),
for all global functions f on the infinite Igusa tower.
Remark 15. For all g ∈M(Zp): fgx(t) = (g ⋅ f)x(t).
Remark 16. As a consequence of the Serre-Tate Theorem (i.e. Theorem 5.1), any point
x¯0 ∈ S
ord(k) always lifts to a point x0 ∈ Sord(W). In fact, it even admits a canonical lift
y0, namely the one corresponding to the form q = 0. The abelian variety Ay0 is the unique
deformation of Ax¯0 to which all endomorphisms lift. Thus, in particular, Ay0 is a CM
abelian variety with ordinary reduction. The point y0 is called the canonical CM lift of x¯0.
Remark 17. Given x0 ∈ S
ord(W), let x¯0 ∈ Sord(k) denote its reduction modulo p. Then,
reduction modulo p gives a canonical bijection between the points on the Igusa tower over
x0 and those above x¯0.
Remark 18. For f a vector-valued automorphic form of weight κ, one may also consider
the localization of f at a point of x0 ∈ S
ord. Such a localization is an element in a free module
Mκ over RSord,x0 , with rank depending on the weight κ. Even with canonical choices of
trivializations of the modules Mκ’s, this approach only allows one to establish congruences
when the two ranks agree, e.g. when the difference among the weights is parallel. A crucial
advantage of Hida’s realization of (vector-valued) automorphic forms as function on the
infinite Igusa tower is that one can define congruences for any weight. The t-expansion
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principle as stated above implies that those congruence relations can be detected by the
coefficients of associated power series, as in the classical setting; i.e. given two p-adic
automorphic forms f, f ′ of any weight f ≡ f ′(modpr) if and only if fx(t) ≡ f ′x(t)(mod pr),
for each r ∈ N.
5.3. Restriction of t-expansions. As an example of how Serre-Tate coordinates may be
used to understand certain operators on p-adic automorphic forms, we consider the case
of the restriction map from our unitary Shimura variety to a lower dimensional unitary
Shimura subvariety, i.e. the pullback map on global sections of the automorphic sheaves.
We start by setting some notation. Let L = ⊕si=1Wi be a self-dual decomposition of
the lattice L, and denote by ⟨, ⟩i the pairing on Wi induced by ⟨, ⟩ on L. For each i =
1, . . . , s, let GUi = GU(Wi, ⟨, ⟩i), a unitary group of signature (a+i, a−i). Then, the signatures(a+i, a−i)i=1,...,s form a partition of the signature (a+, a−).
We define G′ ⊂ ∏iGUi to be the subgroup of elements with the same similitude factor;
i.e. if νi ∶ GUi → Gm denote the similitude factors, then G
′ = ν−1(Gm), for ν = ∏i νi and
Gm ⊂ G
s
m embedded diagonally. Then, there is a natural inclusion G
′ → GU of algebraic
groups compatible with the partition of the signature.
Like above, we continue to denote by Levi the Levi subgroup of ResK/Q(GLg) associated
with the signature (a+, a−) of GU . Then, the partition (a+i, a−i)i=1,...,s of the signature(a+, a−) defines a unique Levi subgroup Levi′ of Levi. We identify the maximal torus T of
Levi with the maximal torus T ′ in Levi′. Note that under such identification the order on
X∗(T ) does not agree with that on X∗(T ′). In particular, for any character κ of T = T ′, if
κ is dominant in X∗(T ) then it is also dominant in X∗(T ′), but the converse is false. For
κ a dominant weight of T (and thus also of T ′), let ρκ (resp. ρ
′
κ) be the unique irreducible
representation of Levi (resp. Levi′) with highest weight κ. Then ρ′κ is an irreducible
constituent of the restriction of ρκ from Levi to Levi
′ (although in general other irreducible
representations ρ′ of Levi′ also appear). We fix the projection ρκ → ρ
′
κ.
Finally, we choose a level away from p, and consider the corresponding closed embedding
θ ∶M′ ↪M
of the Shimura variety M′ associated with G′ into the Shimura variety M associated with
GU . A point x ∈ M is in the image of θ if and only if the corresponding abelian variety
Ax decomposes as a cartesian product of abelian varieties, of dimensions prescribed by the
above partitions (and compatibly with the additional structures).
Remark 19. We describe an example. Let Vn be an n-dimensional OF -lattice equipped
with a Hermitian pairing ⟨, ⟩, and assume that associated group GUn = GU(Vn, ⟨, ⟩) has real
signature (1, n). We fix the partition {(1, n−1), (0,1)} of the signature (1, n), and we realize
Vn−1 as a direct summand of Vn. We choose a neat level Γ hyperspecial at p and denote by
Shn the simple Shimura variety of level Γ associated with GUn. Shn is a classifying space
for polarized abelian varieties of dimension n, equipped with a compatible action of OF .
We write An for the universal abelian scheme on Shn. Then, for each elliptic curve E0/Zp
with complex multiplication by OK (corresponding to the choice of a connected component
of the 0-dimensional Shimura variety associated with GU(0,1)), the morphism θ is defined
by θ∗An = An−1 ×E0, and its image θ(Shn−1) is a divisor in Shn.
Let Eκ/M (resp. E ′κ/M′) be the automorphic sheaf of weight κ. Then, on M′ we have
a canonical morphism of sheaves θ∗Eκ → E
′
κ. We call the induced map on global sections
pre-composed with pullback under θ
resκ ∶H
0(M,Eκ)→H0(M′, θ∗Eκ)→ H0(M′,E ′κ)
the weight κ restriction.
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We now assume that p splits completely in all the reflex fields Ei (and thus also in E),
where Ei is the reflex field for the integral modelMi associated with the group GUi. Then
the ordinary loci Mordi , M
′ord and Mord are non-empty. In particular, a split abelian
variety A =∏iAi is ordinary if and only if each of its constituents Ai are ordinary.
Each connected component S ′ of M′ can be identified with a product of connected
component Si ofMi. We choose connected components S
′ ofM′, and identify S ′ =∏si=1 Si.
Then, there is a unique connected component S of M such that θ(S ′) ⊂ S. We write Sordi
(resp. S
′ord and Sord) for the ordinary locus of S (resp. S ′ and S). Thus, θ(S ′ord) ⊂ Sord,
and we may identify S
′ord = ∏i Sordi . By abuse of notation we still denote by resκ the
restriction of such map to global sections over the ordinary loci; i.e.
resκ ∶ H
0(S,Eκ)→H0(S ′, θ∗Eκ)→H0(M′,S ′κ).
Corresponding to our choice of connected components, there are twoOF,p-linear decompo-
sition L+ = ⊕si=1L
+
i and L
− = ⊕si=1L
−
i , the ranks of the summands determined by the partition(a+i, a−i)i=1,...,s of the signature (a+, a−). For each i = 1, . . . , s, we write Li = L+i ⊕L−i . Thus,
L = ⊕si=1Li.
For every level n ≥ 1, the homomorphism θ ∶ S
′ord → Sord lifts canonically to a compatible
system of homomorphisms Θ = (Θn)n among the Igusa towers,
Θn ∶∏
i
Igordn,i → Ig
ord
n ,
where Igordn,i denotes the n-th level of the Igusa tower over S
′ord. Given a split abelian
variety A = ∏iAi corresponding to a point x in the image of S ′ord, an Igusa structure
ι ∶ µpn ⊗ L ↪ A[pn] of level n on A is in the image of Θn if and only if it satisfies the
conditions ι(µpn ⊗Li) ⊂ Ai[pn] for all i. In particular, for each n, the morphism Θn defines
a closed embedding of the Igusa cover Ig
′ord
n = ∏i Igordn,i over S ′ord in S ′ord ×Sord Igordn . We
note that for non-trivial partitions of the signature (a+, a−), this is not an isomorphism.
Let Θ∗ denote the pullback on global functions of the Igusa tower, Θ∗ ∶ V N → V ′
N ′
.
(Here, N and N ′ denote the Zp-points of the unipotent radical subgroups of Levi and Levi
′
respectively. So N ′ = N ∩ Levi′(Zp).)
Remark 20. For any weight κ, let Ψκ ∶ H
0(S,Eκ) → V N and Ψ′κ ∶ H0(S ′,E ′κ′) → V ′N ′ be
the inclusions defined in section 4.2.1. For any f ∈H0(S,Eκ):
Θ∗(Ψκ(f)) = Ψ′κ(resκ(f)).
In the following, we refer to the pullback of Θ∗ as restriction.
Our goal is to give a simple description of Θ∗ in Serre-Tate coordinates, and deduce an
explicit criterium for the vanishing of the restriction of a p-adic automorphic form in terms
of vanishing of some of the coefficients in its t-expansion.
We choose an integral ordinary point x0 in the image of θ, i.e. θ((xi0)i) = x0, and write
x¯0 for its reduction modulo p. We also choose a lift x of x0 to the infinite Igusa tower in
the image of Θ, i.e. Θ((xi)i) = x.
Proposition 5.3.1. Under the Serre-Tate isomorphism, the map θx¯0 ∶ S
′ord∧
x¯0
→ Sord
∧
x¯0
corresponds to the collection, for j = 1, . . . , r, of the natural inclusions
⊕
s
i=1HomZp(TPjAi(k)⊗ TPcjAi(k), Gˆm) ⊂ HomZp(TPjA(k)⊗ TPcjA(k), Gˆm).
Finally, for each i = 1, . . . , s, we define OK,p-modules L
2
i ⊂ L
⊗2
i similarly to L
2 ⊂ L⊗2 in
section 5.2. We consider the OF,p-module L
2 = ⊕si=1L
2
i . By the definition L
2 is a direct
summed of L2, we write ǫ ∶ L2 → L2 for the natural inclusion.
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Then, associated with the point x on the Igusa cover of infinite level, we have isomor-
phisms
β∗xi ∶ (Sordi )∧x¯i
0
∼
→ Gˆm ⊗L
2
i , i = 1,⋯, s, and β
∗
x ∶ S
ord∧
x¯
∼
→ Gˆm ⊗L
2.
We write β′∗x ∶ S
′ord∧
x¯
∼
→ Gˆm ⊗L
2 for the isomorphism induced by collection (β∗
xi
)i=1,...,s.
Proposition 5.3.2. The notation is the same as above. The map β∗x ○ θx0 ○ (β′∗x)−1 agrees
with the inclusion I⊗ ǫ ∶ Gˆm ⊗L
2 → Gˆm ⊗L
2.
Equivalently, in terms of the local Serre-Tate coordinates, the morphism Θ∗x agrees with
the map I⊗ ǫ∨ ∶W[[t]]⊗ (L2)∨ Ð↠W[[t]]⊗ (L2)∨, i.e. (Θ∗f)x(t) = (I⊗ ǫ∨)(fx(t)),
R∧
Sord,x0
Θ∗x
//
βx

R∧
S
′ord,x0
∼
//
β′x

⊗iR
∧
Sord
i
,xi
0
⊗βix

W[[t]]⊗ (L2)∨ I⊗ǫ∨ //W[[t]]⊗ (L2)∨ ∼ // ⊗i(W[[t]]⊗ (L2i )∨)
Corollary 5.4. The restriction Θ∗f of a p-adic automorphic form f on GU to the subgroup
G′ vanishes if and only if (I⊗ ǫ∨)(fx(t)) = 0.
Remark 21. For any g ∈ Levi(Zp), if x is a point of the infinite Igusa tower in the image
of Θ then gx is in the image of Θ if and only if g ∈ Levi′(Zp). If g ∈ Levi′(Zp) then
Θ∗(g ⋅ f) = g ⋅Θ∗f and (I⊗ ǫ∨ ○ g)(fx(t)) = (I⊗ ǫ∨)(fgx(t)).
Remark 22. We briefly consider what happens when we choose to replace the projection
θ∗Eκ → E
′
κ, with a projection onto a different automorphic sheaf Eκ′, for κ
′ the highest
weight of an irreducible sub-representation of the restriction of ρκ from Levi to Levi
′, other
than κ. Note that κ′ is not a dominant weight for T . We write
resκ,κ′ ∶ H
0(S,Eκ)→H0(S ′, θ∗Eκ)→H0(S ′,E ′κ′)
for the associated map on the space of p-adic automorphic forms. For κ′ ≠ κ, the maps
Θ∗ ○Ψκ and Ψ
′
κ′ ○ resκ,κ′ do not agree.
We assume κ′ is conjugate to κ under the action of the Weil group WLevi(T ), i.e. κ′ = κσ
for some σ ∈WLevi(T ). We choose g = gσ ∈ NLevi(T )(Zp) lifting σ (note that g ∉ Levi′(Zp)).
Then, for all f ∈H0(S,Eκ) we have
Θ∗(g ⋅Ψκ(f)) = Ψ′κ′(resκ,κ′(f)).
Thus, for any point x on the infinite Igusa cover in the image of Θ, we deduce
Ψ′κ′(resκ,κ′(f))x(t) = Θ∗(g ⋅Ψκ(f))x(t) = (I × ǫ∨)(g ⋅Ψκ(f))x(t) = (I × ǫ∨ ○ g)(Ψκ(f)x(t)).
Note that we also have
Ψ′κ′(resκ,κ′(f))x(t) = (I × ǫ∨)(g ⋅Ψκ(f))x(t) = (I × ǫ∨)(Ψκ(f)gx(t)),
where the point gx is no longer in the image of Θ.
6. Acknowledgements
We are grateful to L. Long, R. Pries, and K. Stange for organizing the Women in Numbers
3 workshop and facilitating this collaboration. We are also grateful to the Banff Interna-
tional Research Station for creating an ideal working environment. We would also like
to thank M. Harris, H. Hida, and K.-W. Lan for answering questions about q-expansion
principles.
26 A. CARAIANI, E. EISCHEN, J. FINTZEN, E. MANTOVAN, AND I. VARMA
References
[AHR10] Matthew Ando, Michael Hopkins, and Charles Rezk, Multiplicative orien-
tations of KO-theory and of the spectrum of topological modular forms,
http://www.math.uiuc.edu/~mando/papers/koandtmf.pdf.
[Beh09] Mark Behrens, Eisenstein orientation, Typed notes available at
http://www-math.mit.edu/~mbehrens/other/coredump.pdf.
[CF90] Ching-Li Chai and Gerd Faltings, Degeneration of abelian varieties, Ergebnisse der Mathematik
und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 22, Springer-
Verlag, Berlin, 1990, With an appendix by David Mumford. MR MR1083353 (92d:14036)
[DR80] Pierre Deligne and Kenneth A. Ribet, Values of abelian L-functions at negative integers over
totally real fields, Invent. Math. 59 (1980), no. 3, 227–286. MR 579702 (81m:12019)
[Eis12] Ellen E. Eischen, p-adic differential operators on automorphic forms on unitary groups, Ann. Inst.
Fourier (Grenoble) 62 (2012), no. 1, 177–243. MR 2986270
[Eis13] , A p-adic Eisenstein measure for unitary groups, J. Reine Angew. Math. (2013), Accepted
for publication. 32 pages. DOI 10.1515/ crelle-2013-0008.
[Eis14] Ellen Eischen, Differential operators, pullbacks, and families of automorphic forms, 30 pages.
Available at http://arxiv.org/pdf/1405.0721.pdf.
[Hid04] Haruzo Hida, p-adic automorphic forms on Shimura varieties, Springer Monographs in Mathe-
matics, Springer-Verlag, New York, 2004. MR MR2055355 (2005e:11054)
[Hid11] , Irreducibility of the Igusa tower over unitary Shimura varieties, On certain L-functions,
Clay Math. Proc., vol. 13, Amer. Math. Soc., Providence, RI, 2011, pp. 187–203. MR 2767517
(2012c:11131)
[HLS06] Michael Harris, Jian-Shu Li, and Christopher M. Skinner, p-adic L-functions for unitary Shimura
varieties. I. Construction of the Eisenstein measure, Doc. Math. (2006), no. Extra Vol., 393–464
(electronic). MR MR2290594 (2008d:11042)
[HLTT13] Michael Harris, Kai-Wen Lan, Richard Taylor, and Jack Thorne, On the rigid cohomology of
certain Shimura varieties, http://www.math.ias.edu/~rtaylor/rigcoh.pdf.
[Hop95] Michael J. Hopkins, Topological modular forms, the Witten genus, and the theorem of the cube,
Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Zu¨rich, 1994) (Basel),
Birkha¨user, 1995, pp. 554–565. MR 1403956 (97i:11043)
[Hop02] M. J. Hopkins, Algebraic topology and modular forms, Proceedings of the International Con-
gress of Mathematicians, Vol. I (Beijing, 2002) (Beijing), Higher Ed. Press, 2002, pp. 291–317.
MR 1989190 (2004g:11032)
[Kat73] Nicholas M. Katz, p-adic properties of modular schemes and modular forms, Modular functions
of one variable, III (Proc. Internat. Summer School, Univ. Antwerp, Antwerp, 1972), Springer,
Berlin, 1973, pp. 69–190. Lecture Notes in Mathematics, Vol. 350. MR MR0447119 (56 #5434)
[Kat77] , The Eisenstein measure and p-adic interpolation, Amer. J. Math. 99 (1977), no. 2,
238–311. MR MR0485797 (58 #5602)
[Kat78] , p-adic L-functions for CM fields, Invent. Math. 49 (1978), no. 3, 199–297. MRMR513095
(80h:10039)
[Kat81] , Serre-Tate local moduli, Algebraic Surfaces (Orsay, 1976–78), Springer, Berlin, 1981,
pp. 138–202. Lecture Notes in Mathematics, Vol. 868. MR MR0638600 (83k:14039b)
[Kot92] Robert E. Kottwitz, Points on some Shimura varieties over finite fields, J. Amer. Math. Soc. 5
(1992), no. 2, 373–444. MR MR1124982 (93a:11053)
[Lan13] Kai-Wen Lan, Arithmetic compactifications of PEL-type shimura varieties, London Mathematical
Society Monographs, vol. 36, Princeton University Press, 2013.
[Lan14] , Higher Koecher’s principle, Preprint available at
http://www-users.math.umn.edu/~kwlan/articles/Koecher.pdf.
[Mil04] James Milne, Introduction to Shimura varieties, Notes available online.
[Rap78] M. Rapoport, Compactifications de l’espace de modules de Hilbert-Blumenthal, Compositio Math.
36 (1978), no. 3, 255–335. MR MR515050 (80j:14009)
[Rib75] Kenneth A. Ribet, p-adic interpolation via Hilbert modular forms, Algebraic geometry (Proc.
Sympos. Pure Math., Vol. 29, Humboldt State Univ., Arcata, Calif., 1974), Amer. Math. Soc.,
Providence, R. I., 1975, pp. 581–592. MR 0419414 (54 #7435)
[Sch13] Peter Scholze, On torsion in the cohomology of locally symmetric varieties, Preprint. Available
at http://arxiv.org/pdf/1306.2070v1.pdf.
p-ADIC q-EXPANSION PRINCIPLES ON UNITARY SHIMURA VARIETIES 27
[Ser73] Jean-Pierre Serre, Formes modulaires et fonctions zeˆta p-adiques, Modular functions of one vari-
able, III (Proc. Internat. Summer School, Univ. Antwerp, 1972), Springer, Berlin, 1973, pp. 191–
268. Lecture Notes in Math., Vol. 350. MR MR0404145 (53 #7949a)
[Shi78] Goro Shimura, The arithmetic of automorphic forms with respect to a unitary group, Ann. of
Math. (2) 107 (1978), no. 3, 569–605. MR 0563087 (58 #27797)
[Shi00] , Arithmeticity in the theory of automorphic forms, Mathematical Surveys and Mono-
graphs, vol. 82, American Mathematical Society, Providence, RI, 2000. MR 1780262
(2001k:11086)
[Wed99] Torsten Wedhorn, Ordinariness in good reductions of Shimura varieties of PEL-type, Ann. Sci.
E´cole Norm. Sup. (4) 32 (1999), no. 5, 575–618. MR 1710754 (2000g:11054)
Ana Caraiani, Department of Mathematics, Princeton University, Fine Hall, Washington
Road, Princeton, NJ 08544-1000, USA
E-mail address: caraiani@princeton.edu
Ellen Eischen, Department of Mathematics, The University of North Carolina at Chapel
Hill, CB #3250, Chapel Hill, NC 27599-3250, USA
E-mail address: eeischen@email.unc.edu
Jessica Fintzen, Department of Mathematics, Harvard University, One Oxford Street,
Cambridge, MA 02138, USA
E-mail address: fintzen@math.harvard.edu
Elena Mantovan, Department of Mathematics, CalTech, Pasadena, CA 91125, USA
E-mail address: mantovanelena@gmail.com
Ila Varma, Department of Mathematics, Princeton University, Fine Hall, Washington
Road, Princeton, NJ 08544-1000, USA
E-mail address: ivarma@math.princeton.edu
